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On the dynamics of o : x — 2P + a
in a local field

David AbpAM and Youssef FARES
Abstract
Let K be a local field, a € K and ¢ : x — z¥ 4+ a where p denotes the characteristic of the
residue field. We prove that the minimal subsets of the dynamical system (K, ¢) are cycles
and describe the cycles of this system.

1. INTRODUCTION

A discrete dynamical system is a couple (X, g), where X is a metric space and g: X — X is a
continuous map. First, recall some basic definitions.

Definitions 1. Let (X, g) be a discrete dynamical system and = € X.

(1) The orbit of z is the set {¢g"(z) | n € N}.

(2) The point x is periodic if there exists » € N such that ¢"(z) = x. The orbit of z is then
called a cycle and its cardinality is the period of x.

(3) The point z € X is recurrent if x is an accumulation point of its orbit.

(4) The system (X, g) is minimal if, for all z € X, the orbit of z is dense in X.

(5) A subset E of X is minimal if E is invariant by g and the subsystem (F,g) is minimal.

The existence of minimal subsets is given by the following theorem which is a consequence of
Zorn’s lemma.

Theorem 2 (Birkhoff). Every compact space admits minimal subsets.

The case where K is a local field and ¢(z) = ax +b is well studied (for instance, see [2]). In this
paper’, we consider the dynamical system (K, @) where K is a local field and ¢(z) = 2P + a (a is
an element of K and p denotes the characteristic of the residue field). We prove that the minimal
subsets of the system (K, ) are cycles and we describe the set of all periods of ¢.

2. MINIMAL SUBSETS OF THE DYNAMICAL SYSTEM (K, z? + a)

Notation: K is a local field, that is, a field endowed with a discrete valuation v which is complete
for the corresponding topology and whose residue field k is finite. We denote by V' the valuation
domain {z € K | v(z) > 0}, 2 its maximal ideal, ¢ the cardinality of the residue field k£ = V/9n,
p the characteristic of k, thus ¢ = p.

Recall that V' is compact and K is locally compact.

Obviously, if v(a) < 0, then the system (K, ¢) has no recurrent point. Thus, in what follows,
we will assume that v(a) > 0. In this case, any recurrent point of (K, ) admits a non-negative
valuation, and hence, we will consider minimal subsets in V. Then, we have:

Proposition 3. Let a € V and ¢(x) = 2P + a. Every minimal subset of the system (V) is a
cycle of length < q.
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Proof. 1t follows from Proposition 4 below and Taylor’s formula that two elements of a minimal
subset E of V are non-congruent modulo 9, and hence, E is necessarily finite. 0

For extended versions of short or missing proofs, see [1].

Proposition 4. [3, Proposition 6] Let E be a compact subset of K and let f : E — E be 1-
lipschitzian. Then f(E) = E if and only if f is an isometry, that is,

v(f(z) = f(y) =v(x —y),
forallxz,y € E.

Theorem 5. Let K be a local field with valuation domain V and let q be the cardinality of its
residue field. Let a € V and ¢(x) = 2P 4+ a. Then there are only finitely many minimal subsets of
the dynamical system (K, ); they are cycles in V of lengths r1,72,...7 and one has

ATyt TE =g

Proof. Let Eq, Es, ... E, be distinct minimal subsets of (V| ). By Proposition 3, they are cycles
in V of lengths r1,79,...75. On the one hand, we may verify that if a and b € V are in two
distinct cycles, then necessarily v(a — b) = 0. Consequently, r1 + 13 + --- 75 < ¢. On the other
hand, if 4 + 7o+ -1y < ¢, then E' = {z € V |v(z —y) = 0,Vy € Ui<i<sE;} # 0. Since E' is
an invariant compact subset of V', by Theorem 2, the subsystem (E’, ¢) admits a minimal subset
FE,1 of cardinality rs11. By iteration of the procedure, we may conclude. O

Of course, p: x € V = 2P +a € V induces a map on the residue field o : y € k — yP +a € k
where @ denotes the class of a modulo 91.

Proposition 6. The lengths of the cycles of ¢ in V and of the cycles of @ in k are the same.

Proof. Every cycle of ¢ in V induces a cycle in k with the same length. The converse is a
consequence of the following remark: if 2o belongs to a cycle of length r and if v(z — o) > 0, then
the sequence {¢""(x)},>0 converges to x. O

3. LENGTHS OF CYCLES

Recall that the set of periods of ¢ in V and of @ in k are the same and that ¢ = pf. We start
with a simple remark.

Remarks 7. Suppose that f = 1.
(1) If v(a) =0, every minimal subset of (K, ) is a cycle of length p.
(2) Ifv(a) > 1, the system (K, @) admits exactly p fized points.

From now on, we suppose that f # 1. Let o be the Frobenius of k : o(z) = a? for all x € k.
The field %k is a Galoisian extension of F,, of dimension f. By the normal basis theorem, there
exists w € k such that (w,o(w),...c7~(w)) is a basis of k over F,,. Thus, every element = € k
can be written

f-1 ‘
x = Z zjw?’ (x; € Fp).
3=0

The trace Tr(z) of an element z € k relative to F,, is:

-1
Tr(z) = Y ol (x).
j=0

An easy computation leads to the following lemma:

Lemma 8. Let z = ij;& xjij €k and s(z) = Z;;Ol xj. Then
Tr(z) = s(z)Tr(w)

and, for every n € N, we have

1

n—1
O"(z) =2 +a” +---aP +a=o0"(z)+ Zaj(a).
7=0
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In particular,

Lemma 9. Letr e Nandxz € k. If r =af +rg, a,r € N, g < f, then
f-1r
@ (x) = 9" () + as(a) Y_w.
i=0

Lemma 10. If r is a period of (V, ), then r divides pf.
Proof. By the the previous lemma, for every z € k, we have
o (x) = () + pTr(a) = z.
Consequently, r divides pf. d
We prove now that the set Per(a) formed by the periods of the system (K, ) depends only on
Tr(a). First, we need some notations.

Notations:

(1) For every n € Z, we denote by 6(n) the unique non-negative integer such that 0(n) = n
(mod f) and 0 < f(n) < f.

(2) For every r € N, we denote by o(r) the order of the class of r in the group Z/fZ and by
d(r) the non-negative integer such that:

o(r)yr =4d(r)f.

Lemma 11. Let L be a field, n a positive integer and ag,aq . ..a, elements of L. The system

T = X2+ a1

To = x3+as
Tn-1 = Tp+ap-1

T = x1+ay

admits a solution in L™ if and only if >, a; = 0.
Futhermore, if Y7, a; = 0 then the set of the solutions is an affine space of L™ of dimension 1.

Proposition 12. Let a € k and p(x) = 2P + a. For every r € N, the equation ¢"(z) = x admits

a solution in k if and only if d(r)s(a) = 0 in F,. In which case, the equation ¢"(x) = x has p%
solutions.

Proof. Write r = af + rg with a,7 € Nand rg < f, a = Zé;% ajij with a; € ), and, for every

x €k, x= Z{;Ol :cjij with z; € F,. The equation ¢"(z) = x is equivalent to the following
system with f equations and f unknowns z,, (0 <m < f):
7‘0—1
To(i—jro) T Y @0(i—(G-1yro—t) + @8(Q) = Ta(i— (j-1)ro)
1=0
where 0 < i < f/o(rg) and 0 < j < o(r,)-
Furthermore, for every ¢ (0 < i < f/o(rg)), by Lemma 11, the system
’I“(]*l
Sit o Tog—jro) T D G0(i—(i—1yro—t) + @5(a) = Toi—(j—1)re) (0 < J < 0(r0))
1=0
admits a solution if and only if

0(7"0)—1 7-0—1
5 (5 i a0 <o,

=0 \ =0
that is, if and only if d(r)s(a) = 0.
Since the systems X; (0 < ¢ < f/o(r)) are independent, the equation ¢"(z) = z has a solution if
and only if d(r)s(a) = 0. Moreover, if d(r)s(a) = 0, each system ¥; admits p solutions, and hence,

the equation ¢" () = x has p°™ solutions. O

In order to describe the set Per(a) of periods of (K, ) we distinguish two cases:
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3.1. The case Tr(a) = 0.
Note first that s(a) = 0 is equivalent to Tr(a) = 0. According to Proposition 12, for every
r € N, the equation ¢"(z) = x admits at least one solution.

Theorem 13. Let a € k and p(x) = 2P + a. If Tr(a) = 0, the set Per(a) of periods of ¢ is the
set of divisors of f.

Proof. Since pf(z) = = for every x € k, f is a multiple of every element of Per(a). Conversely,
let 7 € N be a divisor of f and denote by 7’ € N any strict divisor of 7. The order of r (resp. ')
in Z/fZis f/r (vesp. f/r'). By Proposition 12,

[r/2]
’ £ i £
Card U {zek|e" (z)=a}| < g pFi < E pF <pfr.
r|r r'|r r'=1
r'#r 7‘/767‘
Hence, there exists cycles with length 7. O

Corollary 14. Ifa € V is such that Tr(a) = 0, then 1 and [ are elements of Per(a). In particular,
the equation xP + a = x admits p solutions in K.

3.2. The case Tr(a) # 0.
Lemma 15. Let a € k be such that Tr(a) # 0 and let r € N. The equation ¢"(z) = x has a

solution in k if and only if v,(r) > vy(f) where v, denotes the p-adic valuation.

Proof. Following Proposition 12, the equation ¢"(x) = x has a solution in % if and only if p divides
d(r). As o(r)r = d(r)f, the divisibility of d(r) by p is equivalent to v,(r) > v,(f). O
Theorem 16. Let a € V be such that Tr(a) # 0. Write f = p™fo where fo and p are coprime.
Then r € N is a period of (V, ) if and only if r = p"*t1d where d is a divisor of fy.

Proof. Obviously, o(pf) = 1 and, by Lemma 12, the equation ¢P/(z) = z has p/ solutions.
Consequently, every x € k satisfies ¢P/(x) = x. Hence, every r € Per(a) divides pf. Since by
Lemma 15, v,(r) > v,(f), we deduce that r = p"*'d where d is a divisor of f;. Conversely, let
r = p"*ld where d is a divisor of fy. In the same way as in the proof of Theorem 13, one shows
that there exist elements of k& belonging to a cycle of period r and not belonging to a cycle of
period 1’ < 7. O

Corollary 17. Let a € V be such that Tr(a) # 0. If p1 f, then the set of periods of ¢ is
Per(a) = {pd | d|f}.
4. CONJUGACY

Recall that two dynamical systems (X, g) and (Y, h) are conjugate if there exists an homeomor-
phism S : X — Y such that the following diagram is commutative:

x 4 x

s| |s
y Ly
In this section, we assume that the local field K has a positive characteristic.

Let a and b be two elements of V' and consider ¢, (z) = 2P +a and pp(x) = 2P +b. We will give
conditions for the systems (K, ¢,) and (K, ;) to be conjugate. Obviously, if the systems (K, ¢,)
and (K, ¢p) are conjugate then the lengths of their cycles are the same, and either s(a) = 0 and
s(b) =0, or s(a) # 0 and s(b) # 0. We prove now the converse.

Lemma 18. Let ¢ € V be such that s(¢) = 0. Then the equation P —x — c = 0 admits a solution
inV.

Proof. Since k is a cyclic extension of IF),, according to the additive form of Hilbert’s Theorem 90,
the equation o(x) — z = ¢ admits a solution in k. Equivalently, the polynomial 2 — 2 — ¢ has a
root in k and, by Hensel lemma, the polynomial 2 — z — ¢ admits a root in V. g
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Theorem 19. Let K be a local field of characteristic p > 0 and let a,b € V. Then the systems
(K, @q) and (K, @p) are conjugate if and only if either s(a) = 0 and s(b) =0, or s(@)s(b) # 0.

Proof. We just need to show that if either s(@) = 0 and s(b) = 0, or s(@)s(b) # 0, then the systems
(K, ¢q) and (K, pyp) are conjugate. We distinguish two cases.

Case 1: s(a) = s(b) = 0. In this case, s(@ — b) = 0 and, by Lemma 18, there exists a € V such
that a? —a — (a — b) = 0. Let f(x) = x + a, then fop, = ppo f.

Case 2: s(a)s(b) # 0. In this case, there exists ag € F} such that ags(@) = s(b), or equivalently,
such that s(apa — b) = 0. Let a € V be such that @ = ag. Since s(aa —b) = 0, by Lemma 18,
there exists § € V such that 52 — f — (aa —b) = 0. Let f(X) = aX 4+, then foyp, = ppo f. O
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