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Upper tail asymptotics for the intersection local
times of random walks in high dimensions

Peter Mörters
Abstract

In high dimensions two independent simple random walks have only a finite number of
intersections. I describe the main result obtained in a joint paper with Xia Chen in which
we determine the exact upper tail behaviour of the intersection local time.

Suppose that (X(1)(n) : n ∈ N), . . . , (X(p)(n) : n ∈ N) are p independent identically distributed
random walks started in the origin and taking values in Zd. We shall always assume that the
increments of these random walks are symmetric with finite variance. The intersection local time
of the random walks is defined as

I :=
∞∑
i1=1
· · ·

∞∑
ip=1

1{X(1)(i1) = · · · = X(p)(ip)}.

Dvoretzky and Erdős [2] showed that

P{I <∞} =
{

1 if p(d− 2) > d,
0 otherwise.

From now on we assume that p(d − 2) > d, i.e. we are in supercritical dimensions. Khanin et
al. [3] have studied the upper tail behaviour of I. They find that, for a sufficiently large,

exp
{
− c1a

1
p
}
≤ P
{
I > a

}
≤ exp

{
− c2a

1
p
}
.

Our main result refines these asymptotics and provides insight into the mechanism behind the
large deviation.

Let G be the Green function of the random walk, defined by

G(x) :=
∞∑
n=1

P{X(n) = x}.

Note that we are following the (slightly unusual) convention of not summing over the time n = 0,
which has an influence on the value G(0). Let q > 1 be the conjugate of p, defined by p−1+q−1 = 1.
For every nonnegative h ∈ Lq(Zd) a bounded, symmetric operator

Ah : L2(Zd)→ L2(Zd)

is defined by
Ahg(x) =

√
eh(x) − 1

∑
y∈Zd

G(x− y)g(y)
√
eh(y) − 1 .

Our main result is formulated in terms of the spectral radius

‖Ah‖ := sup
{
〈g,Ahg〉 : ‖g‖2 = 1

}
of the operator Ah.
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Theorem: The upper tail behaviour of the intersection local time I is given as

lim
a↑∞

1
a1/p log P

{
I > a

}
= −p inf

{
‖h‖q : h ≥ 0 with ‖Ah‖ ≥ 1

}
,

where the right hand side is negative and finite.

I briefly summarize some ideas behind the proof. An interesting aspect of this is that we work
with an infinite time horizon in the entire proof and avoid the use of Donsker–Varadhan large
deviation theory.

By a Tauberian theorem (see [4]), for any nonnegative X,

lim
k↑∞

1
k

logE
[ Xk

(k!)p
]

= −κ ⇐⇒ lim
a↑∞

1
a1/p logP{X > a} = −peκ/p.

Hence it suffices to study the asympotics of high integer moments of I. There is a formula for
these moments, which is unfortunately quite involved due to the discrete time setting. We have

Ik =
∑

x1,...,xk∈Zd

p∏
j=1

∞∑
i1,...,ik=1

k∏
`=1

1{X(j)(i`) = x`}.

and hence

EIk =
∑

x1,...,xk∈Zd

[ ∑
i1,...,ik

E
k∏
`=1

1{X(i`) = x`}
]p

=
∑

x1,...,xk∈Zd

[ k∑
m=1

∑
π∈Em

1{(x1, . . . , xk) ∈ A(π)}
∑

j1,...,jm
distinct

E
m∏
`=1

1{X(j`) = xπ`}
]p

=
∑

x1,...,xk∈Zd

[ k∑
m=1

∑
π∈Em

1{(x1, . . . , xk) ∈ A(π)}
∑
σ∈Sm

m∏
`=1

G
(
xπσ(`) − xπσ(`−1)

)]p
,

where Sm is the symmetric group in m elments, Em the set of partitions {π1, . . . , πm} of {1, . . . , k}
into m nonempty sets, and A(π) the set of tuples (x1, . . . , xk) which are constant on the partitions.

Let A ⊂ Zd be finite and G : Zd → (0,∞) symmetric and p-summable. We show by combinato-
rial means that

lim
k→∞

1
k

log 1
k!

∑
x1,...,xk∈A

[ k∑
m=1

∑
π∈Em

1{(x1,...,xk)∈A(π)}
∑
σ∈Sm

m∏
`=1
G
(
xπσ(`) − xπσ(`−1)

)]p
= −p log inf

{
‖h‖q : h ≥ 0 with ‖AAh ‖ ≥ 1

}
,

where the self-adjoint operator AAh : L2(A)→ L2(A) is defined by

AAh g(x) =
√
eh(x) − 1

∑
y∈A
G(x− y)

√
eh(y) − 1 g(y) .

Applying this with the Green’s function in place of G gives the lower bound. The extension of the
upper bound from finite sets A to the entire lattice is nontrivial, because all shifts of A produce
the same exponential decay of the upper tails of the intersection local times.

For the upper bound we need to project the full problem onto a finite domain by wrapping it
around a torus. Let A = [−N,N)d ∩ Zd and write x = 2Nz + y with y ∈ A, z ∈ Zd. Then∑

x1,...,xk∈Zd

[ k∑
m=1

∑
π∈Em

1{(x1,...,xk)∈A(π)}
∑
σ∈Sm

m∏
`=1

G
(
xπσ(`) − xπσ(`−1)

)]p
≤

∑
y1,...,yk∈A

[ k∑
m=1

∑
π∈Em

1{(y1,...,yk)∈A(π)}
∑
σ∈Sm

m∏
`=1
G
(
yπσ(`) − yπσ(`−1)

)]p
,
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so that he problem retains the given form, but with a different kernel

G(y) =
( ∑
z∈Zd
Gp(2Nz + y)

)1/p
.

We now apply the result for the finite domain, and then let the period 2N of the torus go to
infinity.
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